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FRACTURE MECHANICS OF MULTILAYERED SHELLS.
THEORY OF DELAMINATION CRACKS ™

G.P. CHEREPANOV

Delamination cracks are considered, which develop along the boundaries of
different layers in a multilayered thin shell. The characteristic linear
dimension of the crack in planform is assumed to be large compared with
the shell thickness. A general theory suitable for materials with any
inelastic properties is based on an additional boundary condition on the
moving contour of the crack, which is derived by using a heuristic hypo-
thesis. The theory of invariant TI'-integrals and the general theory of
fracture are also utilized. Model experiments are indicated which enable
fracture diagrams, needed for carrying the theoretical computations out
to numbers, by test means to be determined. As an illustration of the
general theory, a one-dimensional problem on the fracture of a two-layer
bear from ideally elastic-plastic materials is studied in detail. Further-
more, the following questions are examined: the subcritical growth of
delamination cracks in multilayered shells from elastic-plastic materials,
the dependence of limit loads on the loading path, and delamination fat-
igue cracks. An exact solution is given for the problem of elliptic,
parabolic, and hyperbolic cracks in a plane two-layered plate, an axi-
symmetric delamination crack in a two-layered cylindrical shell, and an
elliptical delamination crack in a two-layered plane membrane.

1. Boundary conditions on the contour of a delamination crack. consider
a multilayer thin shell with a delamination crack developing along the boundaries of the
different layers. 1In planform, the characteristic linear dimension of the crack will be
assumed to be large compared with the shell thickness.

Let S denote the curvilinear surface of the delamination crack, and L the contour of this
surface (Fig.l). The crack divides the initial whole shell into two separate shells in the
domain S: §* and S§”. We shall give the superscripts plus and minus to all quantities ref-
ferring to these shells. It is required to establish how the contour changes in time and as
a function of the external loads. This is a non-linear problem of shell theory since the
contour L is not known in advance, and it must be determined during the solution.-

Let us set up all the remaining boundary conditions for this problem. Three shells are
in conjunction along the contour L, §% § (in the domain S) and the initial shell S° (out-
side the domain S). Each satisfies the appropriate differential equations of the theory of
thin shells.
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The following boundary conditions should be satisfied on_the juncture contour L (the
superscript zero is ascribed to quantities referring to the shell 8§0):
The continuity conditions

W=uw =y, vt =0 =7, w=w =u (1.1)
The equilibrium equations
NS=N* =N, T)°=T, 4+ T, (1.2)
Mp2=M,* 4 M, (1.3)
Qn°=on++0n~v M:u=M:u+M7u (1.4)

Here t and n are the tangent and normal to the contour L on the neutral surface, u,v,w
are the displacement vector components of the neutral shell surface along the q, P and 2
axes, respectively, aff is an orthogonal curvilinear Gaussian coordinate system on the neutral
shell surface, z is the normal to this surface, N and T are the normal and tangential forces,

M, is the bending moment with bending axis n, M, is the torque in the nt plane, and Q

is the transverse force.

A delamination crack can be open or closed. In the latter case, the following conditions
of joint operation of the shells S* and § must be satisfied at each point of the domain S:

The normal continuity condition
"

w? = w” (1.5)
The equation of ultimate equilibrium (in the slip state)
Apa® + Apg® = f (Ap,) (1.6)

and the equation of the associated plasticity law in the slip state (see Fig. lc)

Aw/AV = Apo/Apg; Au = u* — u”, Av = v* — v~ (L.7)
Ape* == — Ape™ == Apa, Apg*=—Apg”=Apg,
Ap,* = —Ap,” = Ap,

Here Ap,, Apg, and Ap, denote the appropriate intensity vector components of the addit-
ional distributed load that occurs because of mutual superposition of the shella S and §°;
in the simplest case the function f satisfies the Coulomb dry friction law f ==]/E:1;TK;:T§3
(ko and p are the adhesion coefficient and the angle of friction), and Au’ and AV’ are
the velocity components of the mutual slip of the shells.

Therefore, in the case of overlying shells, three new unknown functions Ape, Apg and  Ap,,
dependent on a and B and participating in the equilibrium equations of each shell, appear in
the domain S. The three equations (1.5)-(1.7) together with the equations of thin elastic
shell theory comprise a closed system which naturally turns out to be non-linear because of
the non-linearity of (1.6) and (1.7). The functions Ap, and App should vanish on the con-
tour L. Note that if the contact friction forces are neglected and we put Ap, = Apg =0,
then (1.6) and (1.7) vanish; the problem again becomes linear while one new eguation (1.5)
will correspond to one new function Ap,.

When there is partial contact between the shells §* and §~, the contact domain itself
should be determined when solving the problem. On the boundary separating the open and cloged
delamination domains, obvious connecting conditions should be satisfied for each of the shells.

All the equations formulated enable problems to be set up and solved when the position
of the crack front is known. To deduce additional boundary conditions on the delamination
crack front, we will make use of invariant I'-integrals and the general theory of £fracture
proposed in /1/.

Let us consider the boundary layer zone in the neighbourhood of a certain point Oof the
contour L of the delamination crack (Fig.2). It is agsumed that the width of this zone
(along the normal n to the contour) is small compared to the characteristic linear dimension
of the crack in planform (in particular, to the radius of curvature of the contour L and the
radius of curvature of the shell) but large compared with the shell thickness (in practice,
two or three times greater than the shell thickness on the basis of exact solutions). The
shell-theory approximation is not suitable in the boundary layer and an exact three-dimensional
theory must be relied upon. In the ordinary thin shell approximation the elastic field in
the boundary layer can be considered planar in the neighbourhood of the point O, i.e.,
independent of the coordinate t along the crack contour, but the shell itself can be regarded
as a plane multilayer plate with a crack front along the t axis of rectangular Cartesian co-
ordinates QOtnz (Fig.2).

We introduce the following assumption (it is heuristic in nature, results from intuitive
physical considerations, and is confirmed by well-known exact solutions).

Delamination crack development at the point O is determined by the following quantities
at this point: Nn*, N,~ N.° T.*, Tno, T50% MY, M,",M,* and is independent of the other bending

n
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moments and torques and the transverse forces at this point. Crack development at the point
O is also independent of the presence of distributed tangential and normal loads at the crack
edges and the side surfaces of the shell near the point O.

This assumption will be satisfied more exactly, the smaller the ratios A/l, h/R, where h
is the shell thickness, R is the shell radius of curvature, and !/ is the characteristic linear
dimension of the crack in planform. On this assumption, the crack development at the point O
can be studied in a plane boundary layer quadrant (Fig.2b) with just the above-mentioned
loads taken into account and the external loads on the crack edges neglected. We hence have
the following boundary value problem in the plane nz for a multilayer strip with a crack:

z2=h,, 2= —h
’ 0, =Ty =Ty =0 (1.8)
z=0’ n< } z zn zt
n—>00, & = €, + %n"Z, VYt = Tnt’ (1.9)

n——00(z>>0), &n = €" + %n"2, Yot = Vnt"
n——o0(z2<0), & = ;" + %72 Tnt = Pnt

Here g, and vy, are the normal and tangential strains. Strict adhesion conditions hold
along the interface of the layers for z = const.
In the case of linearly elastic bodies, the following relations hold

Nﬂo =ke,’, Npt=kte,*, N,~= kc-en.
T =k Yuy  To* =kiVa, Tn=hiym
M,° = k’,°, Mp*=k'x,*, M, =k, %y~

hE _ EJ,
(k’=21—vi" Ic,_ZJhiGi, hy= ] 1__%2)

Here k,, k,, kv are the tensile, shear, and bending stiffnesses of the multilayer strip,
respectively. They are obtained by summing the appropriate stiffnesses of all the layers in
the strip; hy, Ey, Gy, vy, I; are the corresponding i~th layer parameters: thickness, Young's
modulus, shear modulus, Poisson's ratio, and moment of intertia with respect to the neutral
axis of the strip.

Let us examine the closed contour 2 in the Onz plane formed by the opposite edges of
the crack, a circle of quite small radius enclosing the point O, the side planes of the strip,
and its transverse sections as n->-o0 (Fig.2b). According to the theory of invariant

T -integrals, the following equation holds /2/:

(U —oimm, ) d2=0 (1=1,2,3;j=1,2) (1.10)
b
Here n; is the unit normal to the contour I, o,; is the stress, u; the displacement, and
U is the elastic potential per unit volume. Egquation (1.10) is alsoc valid for any inelastic
bodies (elastic-plastic, viscoelastic, etc.) for gquasistationary motion of the point O along
the axis n at a velocity considerably less than the speed of sound in the strip; here, U is
understood to be the specific strain energy.
Let T denote the magnitude of the integral in (1.10) around the circle enclosing the
point O (I' is the residue at the point 0). On the basis of the boundary conditions (1.8)
and (1.9), we have from (1.10)

T={ (U —onu, dz= { (U — 0nn — Tustts, n — TtV dz = (1.11)
L L

§Udz—-e,,s ondz—-u,,g zo,,dz—u,_,é Ty 42 —
L L

+hy +he
‘y,,,S’-r,,t do={ Uds = (N + %Mo+ yuT) 1= [0}, §= § —
L L L R —h_

. [y Nmot-00
[U)==U+ U+ U5 Us=—Us+ Npgy -+ Mpty + Tptne

Wa={ Udz; U= (Nade, + Mpdn, + T, dy,)
L

Here U, is the strain energy per unit area of the multilayer plate in planform, U, is
the additional strain energy (the physical meaning of U; and U, is clear from the one-dim-
ensional tension diagram of Fig.3 obtained as follows: we stretch the specimens by strains
&, = €y (1) given at the time t, and take off the corresponding force N, = N, (t); then by
eliminating t we construct the curve N, = N, (¢,) for a given loading path). The square

brackets denote a jump in the quantity enclosed in the brackets when intersecting the crack
front.

The equation on the crack front
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I =10, (1.12)

is the main result of delamination crack theory in multilayer shells for arbitrary materials.
It follows, for instance, that if the rate of crack growth V is much greater than hit,
where T is the characteristic time of progress of the after-effect reaction of the multilayer
material, then the crack development will be determined just by the instantaneous reaction of
the material as a whole (i.e., by its elastic-plastic properties) and will be independent of
the after-effect reaction of the material (i.e., of its creep and viscosity properties).
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Indeed, the boundary layer width Ar practically equals (2 — 3) A (the asymptotic infinity,
Fig.2), hence for V3>h/t the right side of (1.12) depends only on the instantaneous reaction
of the multilayer material. The left side of (1.12), the quantity T, is determined by the
properties of the material in a very small neighbourhood of the crack front (small compared
to the thickness of an individual layer ;). i.e., substantially by the chemical and physical
properties of the interfacial surfaces of the layers in the continuation of the crack. It is
these properties that explain the observable effects of post-critical delamination c¢rack growth
and the failure of multilayer structures under relatively low loads.

Three kinds of delamination cracks. Depending on the state of stress of the multilayer
shell, we shall distinguish /2/ the following special cases near the crack front (Fig.2):
normal rupture or separation (N,=0,T,=0, M, 0), transverse shear (M, =0,T, =0, N,==
0), and longitudinal shear (M, =0, N, =0, T, % 0).

The stress and strain distribution near the crack front is found by solving the boundary
value problem (1.8) and (1.9) for the boundary layer (Fig.2b). In the case of a linearly-
elastic body this problem can be solved by the Wiener—Hopf method using a Fourier transform
in n. The regularities of delamination crack development can be investigated directly by
using the general equation (1.12) without analyzing the stresses and strains in the boundary
layer itself.

2, Investigation of the laws of delamination crack development by tests.
Equation (1.12) enables the intimate and complex processes of fracture at the end of cracks
in macrospecimens with cracks to be studied by measuring the changes in two macroquantities
in a time t: the crack length ! and the quantity I[U,]. The research scheme, in principle,
can be clarified by the simplest example of normal rupture of a two-layer specimen by tip
forces.

Suppose it is required to study the development of normal rupture delamination cracks
propagating along the interfaces of two layers in a multilayer shell. To do this it is nec-
essary to prepare two-layerx beams of the material of these layers 1 and 2, by reproducing
exactly the method and technology of connecting their surfaces as well as the external condit-
ions. The dimensions of the beam-specimens can be arbitrary. Then the beam with the artific-
ially_produced initial delamination crack of length [ is stretched by two transverse forces
Q@ according to a given program ( (f). In this case, we have at the crack tip according to (1.1ll)
(taking curvature into account)

M2 =0, %° =0, My = —M," = Q (1) L () (2.1)
(U= Q1 (ta* — %) — § QLd (n” — )

The quantities x,* (f) at the crack tip can be measured directly, but it is more convenient
and exact to compute them from the rheological model of materials 1 and 2 determined from
independent experiments on homogeneous materials without cracks. Therefore, using (2.1) the
function (U, (?)] is found from the measured function [I(f) . By Eq.(1.12) this equals T (),
and the determination of this function is the purpose of the investigation.

The results of this study should be displayed in invariant variables in the form of a
dependence of the rate of crack growth [ on the quantity TI; in the general case this
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dependence will also be determined by the loading described by the function [U, (1)].

Using the postulate of similitude /1/, the !' — I' diagram obtained can be used to compute
the normal rupture delamination crack development between materials 1 and 2 in any arbitrarily
loaded multilayer shell for the same function [U, (1)]. To do this it is necessary to subst-
itute the function T (I') from the diagram into the left side of (1.12) and solve the differ-
ential equation obtained for [ (f). A sufficiently large set of ' — T diagrams and their
corresponding "loading paths" [U, (1)) can describe delamination crack development for any pair
of materials with arbitrary properties. It is here more convenient to determine the sets l(t)
and [U, (1)1 in the computations initially from the known diagrams, and to select the function

I (t) to be realized from the computed function that is closest to the "specified" function
(U, (.

Computation using the critical state. The crack velocity [ usually increases smoothly
as I' increases (at least it does not decrease). But a critical value T = 2y,, exists where
an abrupt increase in [' is observed as it is approached. We will call the quantity Vim
the specific adhesion energy /2/ of the pair of materials f and m. From the preceding it is
clear that it depends, in general, on the function [U, ()], i.e., on the prehistory. However,
like the precritical crack growth, such a dependence can (or must) often be neglected for many
materials and external conditions. The general equation (1.12) hence acquires the following

simple form:
D (U] = 24, (2.2)
We will give several simple examples of a computation using the critical state (2.2).

3. Fracture of a two-layer beam of elastic-plastic materials. Consider
the fracture diagram of a two-layer beam by two cantilever forces. Each material is ideally
elastic-plastic. The force Q is assumed to be non-decreasing (simple loading).

From the ¢, — e, diagram the M, —x, diagram can be computed for pure beam bending.
Then we calculate from (1.11)

2s
v A B (0<m < E)
P=Mpty—{ Mpduy= 1 1" 23 (2,
o —2_70‘2"' o (—h—_<u"<w)

We now determine I = U,” + U,~ (U, = 0) at the crack tip, where M, = Ql. Depending
on the relationship between the constants and the magnitudes of the loads, the following mod-
ifications are possible:

For 6QIl < o4,4h,® < 05,k (elastic layer 1 plus elastic layer 2)

I'= 6021 ( X +Enh’a> (3.1)
For o,h® << 6Ql << 0,2 (elastic-plastic layer 1 plus elastic layer 2)
— hl“nl n -‘/ 4Ql 60t (3.2)
T Rz W=t EAT

For Ql = Y,04h® < Ye0,5h,% (elastic layer 2 plus elastic-plastic layer 1 in the limit state, with
a plastic hinge at the crack tip)

ko, 303,54
T=—p—+ 37 (3.3)

For ogh® < Onhe® < 6Q < %40,k (elastic-plastic layer 1 plus elastic-plastic layer 2)

Moyl 30 ge? Sg1

T=gf o~ iV eV = 3.9

Formulas (3.1)-(3.4) enable the development of the fracture process in an elastic~plastic
two-layer beam with a crack to be analyzed using the crack growth criterion (2.2). Depending
on the relationship between the constants, the following modifications are possible (Qy is
the limit load):

For 6Q,l << 6nhi® < Ouhe® crack growth starts before the origination of plastic zones in
layer 1 and 2 (quasi-brittle fracture)

o=+ T (ke + 5

For oghh® << BIQp << 04h,* crack growth starts after the origination of plastic zones in
layer 1 (brittle-plastic layer 2 plus a guasi-brittle layer 1), while @, is the root of
the equation
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6Q2r  o,2 h_—T[‘ 7 Ry,
EAS T V3E v o= =2Vm — "3E, (3.6}

For 0,k < Ouhy? << 8@yl < 3/3 044, crack growth starts after development of the plastic
zones in layers 1 and 2 (brittle-plastic layers 1 and 2), while (, is the root of the eguation

Moyt Ay
= Ell/hl-__. VFE,l/h' -._b_ =-ﬁ+—§£——2m (3.7

If the conditions
h13‘12 35.1"!1

< 2Vfmy Oah? < ‘5‘ Oy2he?

1

or
}“3012 h'sl. l/
25T 3, V?E, ha? —-_hl <2Vim
3202 > O pahe? > Ogih?

are satisfied, then the crack does not develop, and fracture occurs because of the depletion
of the carrying capacity of beam 1 for the elastic or elastic-plastic state of the layer 2

Qv = 0uh 4l (3.8)

Crack growth in the problem under consideration is always accelerating, and unstable
since @y~ /1.

In the case of rigidly plastic materials in both layers, when VYmEL S>> Mol YmEe >
he0g?, the crack does not develop, while fracture occurs because of the form-
ation of a plastic hinge in beam 1 at the tip of the crack (see (3.8)). It can be shown that
this result holds for the arbitrary case of loading multilayer shells with delamination cracks.

Transverse rupture crack in a two-layer beam. In this case we have

MP=M=M,"=0,T=T""=7T,"=0 (3.9)
NS2=0,N,"=—~N,N,~ =
N = hEe,, U, = Y;hEe,® when |e,|<e,
N = hEe,, U = Y,hEe;* when |eg,| > e,
Hence, using (2.2) we find the limit loads N, in the case of monotonic growth of N:
For Np << o, << b0y (quasi-brittle fracture)

=tV TR 5T

and for Moy <2V ¥mm (BLEy! 4 RUE, N (plastic fracture of layer 1 with non-developing
cracks)
Ny = hyoy

4, Subcritical delamination crack growth in multilayer shells of elastic-
plastic materials. cConsider the simple example of subcritical development of normal rup-
ture delamination cracks in a two-layer beam under pure bending by a moment M. In this case
the quantity ' in the subcritical state is determined by (3.1),(3.2) and (3.4) for simple
loading, where QI = M must be substituted. It is independent of the crack length l; as is
easily verified, this independence of [ is preserved for any arbitrarily complex loading paths

M (t) although the corresponding expressions (3.2) and (3.4) will already be different (they
will dependon the preceding loading path).

By a direct computation it is easy to confirm that I' will be less (or at least not
greater) for a complex loading path than for a simple loading path. This holds not only for
this example, but also in the general case of a delamination crack in multilayer shells from
elastic-plastic materials. All the regularities of subcritical crack growth have the follow-
ing general mature: crack development starts as soon as a certain threshold value of T, de-
pendent on the specific physical mechanism of the fracture process directly at the crack front
/1,2/, is exceeded. Hence, the following general conclusion follows: if the external loads
acting on the shell increase rapidly, and then decrease to normal working values, this will
generally result in an increase in the threshold value of TI'. This physical effect of plast-
icity "in the large" can turn out to be useful in many practical applications.

It is seen that the Bauschinger effect results in a still greater decrease in [U,]
Hence, a substantial 'increase in the threshold load level at which subcritical crack growth
starts can be achieved by preliminary application of several " loading-unloading"” cycles on
the shell.

For certain cases we will find the velocity of subcritical delamination crack growth U
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in the case under consideration on the basis of (1.12) and the following general regularities
of subcritical crack growth /1,2/:
crack growth following instantaneously after loading

. BmlU,1IU .
l_2vim(2y’m_[ ) when [US >0 (4.1)

¢crack development because of hydrogen embrittlement (in metals)
U= A (VIU,) — Byp) (4.2)
crack growth because of the kinetic local ageing mechanism

-
l'=u,,,,exp-°i"T‘/T[—'-]- (4.3)

and crack growth because of corrosion
I" = const (4.4)

Evidently (4.1)-(4.4) are suitable even in the general case of delamination cracks in
multilayer shells, where (4.1) must be supplemented by the condition of crack irreversibility
under unloading (I"= 0 for (U] < 0). Strictly speaking, (4.2)-~(4.4) are obtained for
quasistationary loads. Under the simultaneous action of several subcritical crack growth
mechanisms, the corresponding increments to the crack length must be added for each mechanism
if there is no mutual influence on each other. 1In the case of a transverse rupture crack the
quantity [U,] is independent of [ and the loading path. In the case of a cantilever loading
by forces, the crack will be accelerated; the exact form of [ () can be found from the app-
ropriate differential equation obtained after substituting — [U,], using (3.3)-(3.6) ,intoequa-
tions of the type (4.1)-(4.4).

5. Dependence of the limit loads on the loading path. cConsider the simplest
case of pure bending of a beam on a rigid substrate (when layer 2 in a two-layer beam is absol
utely rigid). The dependence of the bending moment M, on the curvature x, in the beam
foundation (at the tip of the crack) is displayed in Fig.4. Using this diagram, the value
of [U,] is easily evaluated for any loading path. For instance, we have

[U,] = S (OAE) at point A along path 02
[U,) = —8 (DABC) at point C along path OABC
[U,] = S (OAE) — Ap (ABCD) at point A on ‘the path OABCD,

etc, Here S is the area of the appropriate curvilinear figure in Fig.4 , and Ap is the area
of the Bauschinger hysteresis loop.

By generalizing these constructions it is possible to arrive at general conclusions.

A. The limit loads for multilayer elastic-plastic shells with delamination cracks are
independent of the loading path if secondary effects of the Bauschinger type can be neglected.

B. The Bauschinger hysteresis effect displayed in Fig.4 results in an increase in the
limit loads for multilayer shells with delamination cracks.

These deductions are generally valid for any "initiation" loads for which crack growth
starts.

Therefore, when there is no Bauschinger effect, the guantity [U,] is a function of M,
Nny Tn, not explicitly time-dependent, and calculable over a simple loading path (this is
equivalent to the assumption that a shell with a crack is non-linearly elastic). Therefore,
in this case the loads for which delamination crack growth starts in multilayer shells can
be calculated assuming appropriate non-linearly elastic behaviour of the material.

6. Fatigue delamination cracks. Let the external loads be certain periodic
functions of time. Then [U,] will also be a certain petriodic function of time with weakly
varying coefficients. Using the regularities of subcritical crack development, of the type
(4.1)-(4.4), increments in the crack can be found for any programmed or random loading /2/ . We
will confine ourselves here solely to taking account of the plastic effects of the instantaneous
reaction described by (4.1).

Integrating this equation, we can arrive at the following regularity by using a well-
known approach /2/

dl
‘.ﬁ=—ﬁim(

WP 09" —Ap | By — [UP) 4+ 85+ 4p )
2V 2y~ [UFR] + AS
Here n is the number of load cycles (it plays the role of time), di/dn is the crack

velocity, [U/m] and [U,min] are the appropriate greatest and least values of [U,] during the
cycle, calculated along a simple loading path, A4p is the area of the corresponding Bauschinger
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hysteresis loop, and AS is the component indicating the influence of the prehistory at the
beginning of the cycle (in the majority of cases it can be set equal to zero, see Fig. 4).

Elastic multilayer shell with quasibrittle delamination cracks. In this case I is
expressed in terms of the stress intensity factors /2/, hence (1.12) can be used to evaluate
the intensity factors by means of the forces and bending moments determined from a computation
of the elastic shell.

Optimal design of multilayer shells with delamination cracks. Experience shows that
delamination crack formation in multilayer structures is inevitable, especially during use.
It is consequently important that the damage produced should be safe and not endanger the
structure. The analysis performed above enables us to extract the most important structural
parameter of a multilayer shell that controls this process. This parameter is the quantity

I'; the structure should be designed so that this quantity is greatest in the most dangerous
zones from the viewpoint of delamination . The technology for producing the structure should
ensure the greatest possible deceleration of delamination cracks; the most. important physical
characteristics for the strength of the layer connection are the parameters Yim, Bim» Uim» %fms
Ajm , etc. Depending on the conditions of structure operation, any of these parameters can
play the main role in selecting the optimal technology and the optimal multilayer material.

7. Examples illustrating this theory. Elliptical crack in a plate. Suppose a
flat plate is bonded together from two identical layers of thickness h. There is a crack of
elliptic planform L on the layer boundary:  z%/a% 4 y3/b* = 1. A constant pressure p is applied
to the crack edges. Because of symmetry it is sufficient to consider the strain of the upper
layer. v

We have for the normal displacement w of the layer

o4 ) P

P +ay¢='£;' (7.1)
ow  ow ER?

Lw=—Fr=—r-=0 <"b="12“(i"—‘v=)>

The solution of this problem has the following form:

2 2 2
w=A—,§;(-Z;-+-y,,T—1) ) A=-;31—(3a“+2a"b"’+3b")'1 (7.2)

In this case T equals (we take account of the presence of the second layer)

2 1 2 4yt
r= kbxn==64A=-—‘,:T[_(%——-%—:—> +~%] (7.3
{(z, y)&l)

We also find the stress intensity factor

: E(U,} V3 i/ B \2 dadyl (e
Az=1/ T—w =16AP—,;:/-.'L(T—7,T) + | (7.4)

Therefore, an elliptic delamination crack always starts to develop along the minor axis;

the crack outline changes until it becomes circular with a diameter equal to the major diameter
26 of the initial ellipse. Afterwards, the crack grows along the whole outline while re-
maining circular.

Let us estimate crack growth when there is an increase in pressure, using the following
approximate assumption: the crack outline always remains elliptical with a minor diameter
equal to 2b==2b(pi and an invariant major diameter 2a. We will confine ourselves to
considering only the limit states when Kp,,.= K; at the point z=10, y= +b subcritical
crack development can be studied by using this same assumption.

From (7.4) we obtain

7= 3b% 4+ 2 4 3b~% (7.5)
(F = 2 V3a%phK7L, b =bja<< 1)

As is seen, the crack develops unstably on reaching the limit pressure py corresponding
to the initial quantity by, changing to a circular shape when b=1. In the case of a
disk-shaped crack
. ¥Y3pr _
Ri=—pmn— == (
We note the limiting case b/a—0 (the strip |¢y|<¥). In this case, by (7.4)

2pb? _ 3 /- b)
(y = —————me == (b
Ky BV 4 a(
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Unlike the case of an elliptical crack in a three-dimensional body, an elliptical delam-
ination crack in a plate has no section of stable growth (however, such sections should, ob-
viously, appear when there are other layers of more rigid material).

A parabolic crack in a plate. Under the conditions of the preceding problem, let a

delamination crack occupy a domain y > 2%(2r,) in planform, where r, is the radius of curvature
of the parabola at its apex. The solution of the boundary value problem (7.1) for this domain

is:

pro® 2% \3
w=—g,‘—b-(y——3;;) (7.6)
pEret

T =k 2= O, [(£% —~ ro?)? -+ 422%]

o BePe ey
1\1-~ hVﬁV(I ro?)? + 4x

The function K;(z) has one local maximum for :=0 and two absolute minima for

rol V B¢ '
j:o/VA hyperbolic cfack in a plate. Under the conditions of the preceding problems, let the
crack occupy a domain z?/e* — y¥/b* <1 in planform, where a and b are the parameters of the hyper-
bola.
The solution of problem (7.1) for this domain is

=

x2 .2 2
veat (- @.7

Pt o 22 ¥ \2 4oty
T = 6442 W \L(?—-Tr) +h ]

Am -;— (32~ — 22-%=2 - 3p=4)=

Delamination crack in a two-layer cylindrical shell. In a circular cylindrical shell
of radius R and thickness 2r let there be an axisymmetric delamination crack of length 2L
which separates the initial shell into two cylindrical shells of thickness &, and hy, made
from different materials (2h=h, + k). A constant pressure p is applied to the crack edges.

The radial displacement w of cylindrical shells is determined from the boundary value
problem

Eh, Eh?
%-}——Hﬁ—};—w:%{—, ki=-75-(—1‘—-__‘vi2—) (i=1,2) (7.8)
z=4L, w=0, dwidr=0

We write the solution of the boundary value problem (7.8) thus:

pR? ¢ sinMLchhz+shA,Lcoshz 7.9)
v =Fh (!~ TETLNLF AL csh L ) .
R Eh; s 1—vE
Ay = ( TR ) = 12 (-_R?h-”_) (i=1,2)
. 1 A

We hence determine

ctghL—thAL \2
L i ) (7.10)

2
1 1 1 1
=k HE ke o = e
P =gkt + 5 byg¥ne = 3 p’R’Z ER; ( tgh L ~thi,L
fe=1

This formula enables us to investigate the critical and subcritical development of a
delamination crack. We will study only the critical state in which the criterion I = 2y,
is satisfied; we will combine ourselves to the case of two identical layers of thickness j, =

hy= h, &y = Ay = A. According to (7.10), we have in this case
_ tgL+thL _ Rp, -
= ——E———— = —————a—, L=AL 7.11
= wI—wi <" Y 2, (7.11)

A graph of the function j (I) is displayed in Fig.5. It consists of an infinite number
of "almost-periodic” unstable branches having the lines

5 9 3
ALb=0. Tn-—4-10‘*, < ™ —’4—11, —142-11,...

as their asymptotes.

The behaviour of the delamination crack in a cylindrical shell turns out to be very
peculiar . For any initial crack L, it will always grow to the nearest value L, to the
right, and will remain in this position L= L, for as long as desired and under any loads
(since the quantity I is zero for L= 1L, ). Crack growth in the critical state will be
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unstable, rapid, and may be fairly slow in the subcritical state. The presence of an infinite
number of possible "barrier" states in which the crack is "stationary" and not subjected to
any growth in the critical or subcritical regimes relates the system considered to quantum-
mechanical systems for which such behaviour is typical.
n An elliptical crack in a membrane. It was
LARY ~La\ {'” \ Lj,_,, assumed in the examples considered above that
\ the bending stresses are large compared with the
\ \ \ tensile stresses of the middle surface. We will
- \ consider another extreme case when the bending
\ \ Y stresses are small compared with the preliminary
\ \ tension of the plate by stresses o, and o,
0 \\ I AN X‘ 1 Initially we note the simple general form-
\ \\ZW \ Je ula for [y,] in the case of a delamination
\ crack in an arbitrary multilayer membrane shell

o~

. + \2 1 - \2
\ \ \ W= w () + e (5) (7.12)
\ \ \ (% = S he)
Therefore, by (1.12) and (7.12), delamin-
Fig.5 ation crack development in a membrane shell is
determined by the angles of rotation of the
corresponding shells at the point of the crack outline under consideration.

Let a plane elastic membrane of thickness 2k be bonded together from twe identical
layers; there is an elliptical delamination crack L on the interface, to whose edges a
constant pressure p is applied.

We have for the normal displacement w of the upper layexr

c:%—kcv%‘;{-:_—i— (7.13)

w=0 when {(z,y) &L

The solution of this boundary value prcblem has the form

w=D(1-:—:~—-—%;-), 1)=1§.—(-%’;—--;.—;!--).1 (7.14)

T =bha,( i )2 =4hD'(cx—§-+dy —Z—:—)

As is seen, for afoy > b*o; the crack starts to develop along the y axis, while for atoy <
b0, it develops along the x axis. During development, for given ¢, and ¢, the crack
shape changes, tending to an ellipse z%o, -} y*/oy = A describing the initial shape; later the
crack development reduces to a self similar expansion of this last ellipse because of mono-
tonic growth in the parameter A (I = const along the contour on this ellipse). For fixed oy
and oy the crack growth is always unstable as p increases. The parameters o, and oy are
stabilizing factors, hence, depending on the loading path in the three-dimensional space (p,
Gy, Oy) patterns of any change in the elliptic cracks (neutral equilibrium, stability, insta-
bility, "snaps", etc.) can be obtained.
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